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The structure of affine designs admitting all possible translations in one direc- 
tion is investigated. A method is given for constructing such designs using 
Cartesian groups, analogous to the known method for affine planes. 
INTRODUCTION 
It is well known [3] that the affine planes which admit all possible trans- 
lations in one direction are precisely those which can be coordinatised by 
Cartesian groups. The purpose of this paper is to investigate the analogous 
situation in, so to speak, higher dimensions; that is for general affine 2 designs. 
The theorem we obtain is not as precise a theorem as that for the planar case, 
but we shall show that, in general, an affine 2 design with all possible trans- 
lations in some direction decomposes into a smaller affine 2 design and a 
symmetric affine 1 design, and, furthermore, that this decomposition is 
reversible, thus providing a method of constructing such designs. 
A t design with parameters t - (z;, k, h), where z, > k 3 1 and t > 1, is 
a finite incidence structure with v points and k points on each block such 
that any t subset is contained in exactly h blocks. A t design is symmetric if 
it has equally many points and blocks. Incidence between a point P and 
block d is denoted by P 1 d or d 1 P and, where convenient, we shall regard 
blocks as point subsets. For the basic relations between the parameters of a 
t design, which we shall assume, can be found in [3, Chap. 21. 
A parallelism of an incidence structure is a partition of its blocks into 
subsets, called parallel classes, such that each parallel class partitions its 
point set. Blocks in the same parallel class are said to be parallel. An incidence 
structure admitting a parallelism is said to be resolvable. Note that if n is a 
finite resolvable incidence structure with v points, such that each block is on 
exactly k points, then U is a 1 - (0, k, h), where X is the number of parallel 
classes. 
322 
Copyright 0 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
TRANSLATIONS OF AFFINE DESIGNS 323 
In a resolvable t - (u, k, h), the number of blocks in each parallel class, 
v/k, will usually be denoted by m. Note that always m 3 2, since v > k. 
A t design is called affine if it admits a parallelism such that any two non- 
parallel blocks have the same number of points in common. We shall need 
the following two theorems on a&e designs. 
RESULT 1 (Plackett and Burman [II]; or see [IO]). rf I7 is ay1 afine 
1 - (km, k, X), where h >, 2, then I7 is a 2 design if and only if 
h = (km - l)/(m - l), in which case any two nonparallel bIocks have exactly 
k/m points in common. 
RESULT 2 (Bose [2]). Suppose 17 is a resolvable 2 - (km, k, X). Then Ii is 
af/;ne if and only ij” h = (k - l)/(m - l), in which case 27 has exactly 
(km - l)/(m - 1) parallel classes, which is the number of blocks on any point. 
Thus, the parameters of an affine 2 design are completely determined 
by k and m = v/k. We shall say an incidence structure is an AD(k, m) if it is 
an affine 2 - (km, k, (k - l)/(m - 1)). Observe that any affine plane of 
order m is an AD(m, m), and vice versa. 
The dual I’* of an incidence structure r has as points and blocks the blocks 
and points of r, respectively, with the same incidence. If r is a symmetric 
t - (v, k, X), where t < 2, then I’* is also a t - (v, k, h) (see [3]). Two 
t designs, l7, and& , are isomorphic if there is a bijection ol: l7’, --f I?z which 
maps points onto points and blocks onto blocks such that: P 1 d * Pa 1 dcx, 
for any point P and block d of lYI . Then we write l7, g Xl’? and call a: 
an isomorphism; and if III = 17, we say a is a collineation of IL1 . 
The line joining two distinct points of a 2 design is the intersection of all 
blocks containing both points. Any block not containing a given line meets 
the line in at most one point. Suppose 17 is an AD(k, m). Then one can show 
[3] that any line in 17 has at most m points. A line /and block d of 17 are said 
to be parallel if some block parallel to d contains C; in which case, by defi- 
nition, every block in the parallel class D of d is parallel to / and we shall 
say D and G are parallel. Two lines are parallel if each block containing one is 
parallel to a block containing the other. A parallel class of lines in 17 is a 
set L of mutually parallel lines which partitions its point set. A block is 
parallel to L if it is parallel to some (and hence every) line in L; and a parallel 
class of blocks is parallel to L if some (and hence every) block in it is parallel 
to L. Observe that any block parallel to L is a union of lines from L. 
1. CONSTRUCTION AND DECOMPOSITION THEOREMS 
Suppose that r is an affine 1 - (km, k, k). Then r is symmetric and its 
dual r* is a 1 - (km, k, k). If, in addition, I’* is affine we shall say r is an 
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SA(k, m). Note that this means the points of r are partitioned into k classes 
of m points such that two distinct points are contained in 0 or k/m blocks 
(if k > 1) according as they are in the same or different classes. 
By a theorem of Shrikhande [I21 any affine 1 - (mp, m, m) is an SA(nz, m), 
which in turn is an affine plane of order m with a parallel class of lines deleted 
(see also [3, 3.2.91 for a more general theorem). 
We shall need the following useful lemma, due to Hine. 
1.1. LEMMA. Suppose r is an afJ;ne 1 - (km, k, k) with k > 1. Then r 
is an SA(k, m) if and only if r* is resolvable. 
PuooJ: Suppose Y* is resolvable. Then the points of I7 can be partitioned 
into k classes of m points such that every block meets each class in exactly 
one point. Let P be any point and Pi, i = 1, 2,..., m(k - l), the points 
not in the same class as P; and for each i let .xi be the number of blocks 
containing P and Pi . 
Then counting pairs (Pi, d), where d is any block containing P and Pi , 
we see that 
T xi = k(k - I), 
and then counting ordered triples (Pi , c, d), where c, dare blocks containing 
both P and P, , we get 
‘;: xi2 = k(k - 1) + k(k - l)(knz+ - 1) = k2(k - 1)/m 
The summation in both cases runs from i = I to i = m(k - I). Note that 
in the second equation we use the fact that two nonparallel blocks have 
k/m points in common. 
From these two equations it is easily verified that xi (xi - km+)” = 0, 
and so xi = km-l for all i, which implies that r* is affine. Hence I’ is an 
SA(k, m). The converse is obvious. 
Notation. Suppose L is a parallel class of lines in an AD(k, m) IT. Define 
17(L) to be the incidence structure whose points and blocks are, respectively, 
the lines in L and the blocks parallel to L, and define II/L to be the incidence 
structure with the points of 17 and the blocks not parallel to L as points and 
blocks, respectively, with the obvious incidence relation in each case. 
1.2. THEOREM. Suppose I7 is arz AD(k, m), k > 1, with a parallel class of 
lines L all consisting of m points. Then n(L) is an AD(km-l, m) and n/L is an 
SA(k, m). 
Proof. Clearly L consists of k lines and each block parallel to L is a 
union of exactly k/r?1 lines of L. Every line in L is contained in (k - l)/(nz - 1) 
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blocks (the number of blocks containing two points of U). Therefore 17(L) 
is a I - (k, k/m, (k - l)/(m - 1)). The parallelism of.Z7 induces a parallelism 
in IT(L); so 17(L) is resolvable and we now show it is affine. 
If k > m, any two nonparallel blocks of n(L) have in common k/m points 
of 17 and hence k/m” lines of L (points of II(L)). Hence 17(L) is affine and so 
is an AD(km-l, m) by Result 1. This is trivially true also if k = m, for then 
II(L) is the trivial affine 2 - (m, 1, 0). 
It is clear that 17/L has km points and k points on each block. Any point 
of IT is on (k - l)/(m - 1) blocks parallel to L, being the number of blocks 
containing the unique line of L on that point. Since each point in J7 is on 
exactly (km - l)/(m - 1) blocks, it follows that each point of II/L is on 
exactly k blocks of 17/L. The affine parallelism of n clearly induces an 
affine parallelism of II/L. Hence n/L is an affine 1 - (km, k, k). Now each 
block of U not parallel to L meets every line of L in exactly one point; for 
otherwise it would contain two points of some line of L, and hence contian 
the whole line, and therefore be parallel to L. Since also the lines in L 
partition the points of 17/L, it follows that the dual of II/L is resolvable. 
Hence, by (1 .l), II/L is an SA(k, m). 
In the next theorem we show that the decomposition of the previous 
theorem can be reversed. 
1.3. THEOREM. Suppose A is an AD(km-l, m) and .Z is an SA(k, m). Then 
there exists an AD(k, m) 17 with a parallel class of lines L, all with m points, such 
that 
IT(L) s A and 17/L g z. 
Proof. Since Z is an SA(k, m), its point set can be partitioned into k 
classes C, , /, ,..., C,c of m points each, such that any two distinct points are 
together in 0 or k/m blocks according as they are in the same or in different 
classes. 
Let P, , P, ,..., PTC be the points of d and define 17 as follows. The points 
of 17 are those of Z, and its blocks are: (i) the blocks of 27; (ii) if c is a block 
of A, then a block 2 of I;T is defined to be the union of all 8i with i such that 
Pi 1 c in A. Define incidence by inclusion in 17. 
Clearly all type (i) blocks consist of k points and since blocks of A have 
k/m points, then each type (ii) block has k points. It is easy to see that the 
parallelisms of A and Z induce, in a natural way, a parallelism in IT; that is, 
two type (i) blocks are parallel if they are parallel in Z and two type (ii) blocks 
are parallel if their corresponding blocks in A are parallel. We show 1T is a 
2 design. 
Consider two distinct points U and V of lir. Suppose U E ei and V E Cj . 
If i = j, then U, V are contained in the (k - l)/(m - 1) type (ii) blocks, 
corresponding to the blocks of A on Pi, and in no other block. Now suppose 
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i + j. Then U, V are in k/m type (i) blocks and also in the (km-l - l)/(m - 1) 
type (ii) blocks corresponding to the blocks of d containing Pi and Pj ; 
so U, V are contained in a total of (k - l)/(m - 1) blocks again. Hence IT is 
a resolvable 2 - (km, k, (k - l)/(m - 1)), and so is an AD(k, m), by 
Result 2. 
It is readily verified that L = {Fl , 8, ,..., tk} is a parallel class of lines in n 
and that II(L) r A and II/L r Z. 
The following theorem generalizes a construction, for affine 2 designs, 
due to Griffiths [4]. The presentation we give here will be useful in the next 
section. where translations are discussed. 
1.4. THEOREM. If there exists an AD(km-I, m) and an afine pIane of 
order m, then there exists an SA(k, m). 
Proof. Let r be an AD(km-I, m) with point set 9. Let 9 be an indexing 
set of order m and let Di = {dij / j E 921, i = 1,2,..., (k - l)/(m - I), be the 
parallel classes of blocks of r. To each Di assign an affine plane Ai of order m 
and let (W, Ti> be a planar ternary ring of Ai (see [7] for definitions and 
details). We can assume, without loss of generality, that the “zero” element 
for each (B, Ti) is the same element 0 of 9. Define, as follows, an incidence 
structure 2. The points of Z are the ordered pairs (P, y), P E 8, y E 2%. 
For each x E 9?, define e, = ((P, x) / P E .P} to be a block of 2 and for 
given Di and a, b E W, where a f 0, define 
-&(a, b) = {(P, Y> i PI&, ; Y = C(x, a, 4; x ~91 
to be a block of .Z. Incidence is defined by inclusion. 
It is easy to see that each block of Z has k points and that 2 admits a 
parallelism with k parallel classes: (e, / x E a} and {Di(a, b) / b E 9} for 
0 i a E .B and i = 1,2,..., (k - l)/(m - 1). Therefore Z is a resolvable 
1 - (km, k, k). We show Z is affine. 
It is clear that e, n D,(a, b) = {(P, y) j PI di,}, where Ti(x, a, b) = y, 
consists of k/m points. Now consider S = Di(a, b) n Dj(a’, b’), where 
either i f j or a f a’. A point (P, y) is in S if and only if y = Ti(x, a, b) = 
T,(z, a’, b’), where x, z are such that P 1 di, and P 1 cEj, , so that x = z if 
i=j. 
If i = j, then a f a’, and there are unique x, y E 9 such that y = 
Ti(x, a, b) = T?(x, a’, b’), and so in this case 1 S 1 is the number of points 
on 4, , namely, k/m. Now assume i # j. Then given any y E 9, there is a 
unique x E 5%’ such that y = Ti(.x, a, b), since a # 0, and similarly for z. So, 
since ) di, n dj, 1 = k/m2, it follows that 1 S 1 = mk/m2 = k/m again. 
Hence ,Z is affine. 
It is straightforward to verify that the point subsets {(P, x)x E 31, P E 8, 
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partition the point set of Z and that any block of 2 meets each subset in 
exactly one point. Hence Z* is resolvable and so, by (1.1) ,Z’ is an SA(k, m). 
1.5. COROLLARY. If these exists on AD(km-I, m) and an afine plane of 
order m, then there exists an AD(k, m). 
Proof. Direct from (1.3) and (1.4). 
The assertion of (1.5) was proved by Kimberley [8]; however, the con- 
struction implied by (1.5) is different in that it guarantees the existence of a 
parallel class of lines, all with m points. We shall now give explicitly the 
construction suggested by (1.5), as it will be needed in the next section. 
It is important to observe that the construction we shall describe is not as 
general as that of (1.3), because the SA(k, m) used will be constructed using 
(1.4). 
1.6. Construction. Suppose r, A are AD(km-I, m)‘s and that Ai is an 
affine plane of order m for i = 1, 2,..., (k - l)/(m - 1). Let .%! be a set of 
order m and let (2, Ti) be a planar ternary ring of each Ai with the same 
“zero” element 0 in each case. For convenience we assume r and d have 
the same point set .Y. Let (didii j j E -5X’}, i = 1, 2,..., (k - I)/(m - l), be the 
parallel classes of blocks of I’. 
An incidence structure 1? is defined as follows. The points of 17 are the 
order pairs (P, x), where P E B and x E 9’. The blocks of 17 are of three types: 
(2) i;=((P,y)IPIc;y~B}foranyblockcofd; 
(3) Di(a, b) = ((P, y) / P 1 di, ; y = Ti(x, a, b); x E 9} for any a, b E W, 
a f 0 and i = 1, 2,..., (k - l)/(m - 1). Incidence is defined by inclusion. 
Jt is not difficult to see that, essentially, IT is an AD(k, m) constructed by 
the following process: First use r and the A, to construct Z as in (1.4) and 
then with ,Z and rl construct 17 as in (1.3). Defining z?, = ((P, y) j y E W> 
for each P E 9, it is readily verified that L = (fp / P E CY) is a parallel class 
of lines of I;r, all with m points, and that n(L) g d and II/L g ZI. 
Note that in this construction r and d were taken to be defined on the 
same point set; so it is possible that r z d, while I’ # d. 
The construction in [5] is a special case of the above construction for the 
case m = 3. 
For the next theorem assume II is an AD(k, m), k > m, constructed as in 
(1.6). Denote by AG(n, q) the AD(q”-l, q) formed by the points and hyper- 
planes of the n-dimensional affine space over GP(q), for n > 1 (see [3, p. 291). 
1.7. THEOREM. If II is isomorphic to AG(n, m), then k = mn-l, r = A g 
AG(n - 1: m), Ai z AG(2, m) for all i. 
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Proof. Suppose n G AG(n, m); then clearly k = mn-l. Given any two 
nonparallel blocks of AG(n, PZ) it is easily checked that there are exactly 
m + 1 blocks containing their intersection. So, given a type 1 block eY and a 
type 2 block C, there exists a block f containing eV f~ 2 = {(P, y) 1 P I c) 
different from ey and 2 (since m + 1 3 3). It is not difficult to see thatfmust 
be of type 3, say f = D&a, b). Then f n e, = {(P, y) I P 1 c&J, where x is 
such that y = Tj(x, a, b). So, since f n e, = e, n C, it follows that c = d,, . 
Thus I’ and LI have the same blocks, and so r = d. 
For any parallel class of lines K in AG(m, n), it is elementary to show that 
II(K) s AG(vt - 1, m). Hence since 17(L) g rl, it follows that I’ = n z 
AG(n - 1, RI). 
Suppose F, G are distinct parallel classes of AG(iz, m). Then the incidence 
structure (F, G), whose points are the m2 intersections f n g (f E F, g E G) 
with blocks the hyperplanes containing such intersections and inclusion as 
incidence, is an affine plane of order m isomorphic to AG(2, nz). This is not 
difficult to check. Now choose any i and let F be the parallel class 
{Di(a, b) / b E Bj for some a E 9, a f 0 and let G be the parallel class 
kJ I Y E a>* 
We have that e, n &(a, b) = {(P, JI) j P 1 C&J, where x is such that 
y = Ti(x, a, b), and the blocks containing this intersection are e, , &, , and 
D,(a’, b’), where a’, b’ are such that y = TJx, a’, b’) and a’ + 0. It is now 
straightforward to verify that the mapping (F, G) -+ Ai defined on points by 
e, R Di(a, b) --f (x, y), where y = T&C, a, b) and on blocks by e, - [O, JJ], 
&, - [xl, and Di(a, b) -+ [a, b], is an isomorphism. Hence Ai s (F, G) z 
AG(2, m). 
Remarks. (1) It seems unlikely that the converse of (1.7) is true, in 
general. Any converse would require conditions on the labeling of the 
blocks in each parallel class of I’. 
(2) One can apply (1.7) to construct affine 2 designs, with the same 
parameters, but not isomorphic to AG(n, m). This is done in [I, 5] for the 
case in = 2 and m = 3, respectively. For example, suppose n, M > 3 and 
let r and rl both be copies of AG(rz - 1, m) on the same point set, with 
r f d. Then, constructing f7 as in (1.6) from r, d and Ai = AG(2, m) 
for all i (in fact Ai can be any affine plane of order m), we know from (1.7) 
that 17 is not isomorphic to AG(n, m). 
2. TRANSLATIONS 
A dilatation of a resolvable design is any collineation which leaves every 
parallel class invariant. A translation is any fixed point free dilatation or the 
identity collineation. 
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Suppose U is an AD(k, m), k > 1, with a nontrivial translation a. Then 8 
fixes linewise a unique parallel class of lines L; in fact the line joining any 
point and its image under OL is in L (see [3] or [6, Lemmas 2.8 and 3.11. 
We shall call L the direction of a. It is easily verified that the translations 
with direction L, together with the identity collineation, form a group T(L) 
which is semiregular on the points of 17. Moreover, one can show (see, 
for example, [6, (3.2) and (3.3)]) that 1 T(L)/ divides m and that 1 T(L)1 = m 
if and only if the T(L)-point orbits are the lines in L and each consists of 
exactly m points. In case / T(L)1 = m, we say 17 is L transitive or n is 
transitive in the direction of L. 
Thus, if IT is L transitive, then each line in L has m points a:nd so, by (1.2) 
and (1.3), 17 must be built up from an AD(knz-l, m) and an SA(k, m) (c.f. 
16, (4. III>. 
In this section we investigate when a design constructed as in (1.6) is 
L transitive. Essentially, we shall determine the affine 2 designs 17 transitive 
in some direction L such that the corresponding affine 1 design n/L is 
constructed as in (1.4). 
Remarks. (1) (See [3] or [7].) Affine planes which are transitive in some 
direction are precisely those which can be coordinatized by a Cartesian group, 
that is by a linear planar ternary ring whose additive loop is a group (this 
group being isomorphic to the group of translations in the given direction). 
(2) The affine 2 designs constructed in [6] are transitive in one direction 
and in addition admit certain axial collineations. In fact, these designs 
can be shown to be precisely those constructed as in (1.6), taking each (B, Ti) 
to be the same right nearfield. 
For the remainder of this section, 17, r, d and the Ai , etc., are as in (1.6) 
and so will be our notation. Define L = (C, 1 p E pi>, where tP = 
((P, X) 1 x E Z}; then L is a parallel class of lines of fl, each with m points. 
2.1. THEOREM. Il is L transitive if and only if all the planar ternary rings 
(92, TJ are Cartesian groups having the same additive group. 
Proof. Assume n is L transitive and suppose a: is a nontrivial translation 
with direction L. Then 01 fixes L linewise and fixes the parallel class {e, 1 x E %}; 
so 01 induces a permutation: x + x’ of B defined by a: e, -+ e,’ . Therefore, 
since e, n fP = {(P, x)) for any P E P and x E B!‘, it follows that the action 
of (y. on points of ll’ must be LX: (P, x) -+ (P, x’). Note that x i: x’ for any x 
since 01 is a nontrivial translation. 
Consider a block Di(a, b) of L7, Since 01 is a translation, 01 maps Di(a, b) 
onto some block parallel to it, say Di(a, b,). Let (P, y) be any point on 
Bi(a, b). Then P 1 di, , where y = Ti(x, a, b) and, since (P, y)u = (P, y’) 
is on D,(a, b,), we must have that y’ = Ti(x, a, b,). Thus, if we choose P 
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so that x = 0, we deduce that b’ = b, , and hence that for all x E 99, 
[Ti(x, a, b)]’ = Ti(x, a, b’). This means that the mapping 01~: (x, y) -+ (x, y’) 
is a collineation of the affine plane Ai , fixing every line parallel to its y axis 
and fixing no point. It is easy to see then that ai must be a translation in the 
direction of the y axis, for each i. Since IT is L transitive, it follows readily 
that Ai is transitive in the direction of its y axis. 
Hence each (99, TJ is a Cartesian group, and in this case ([7, p. 3601) 
every translation of Ai in the direction of its y axis is of the form (x, y) --+ 
(x, y + a), where a E 2, and + denotes the additive operation corresponding 
to Ti . Therefore, since y’ as defined earlier is independent of i, it follows that 
the additive operations corresponding to the Ti are all the same, and hence 
that the additive groups of the (.!Z, TJ are the same. 
Conversely, suppose the (9!, TJ are Cartesian groups with the same 
additive operation +. Given any u E 9, define 01: 17 - Il’ by ol: (P, x) -+ 
(P, x -+ a) on points and on blocks by CX: e, + e,,, ; a -+ a for type 2 blocks; 
Di(b, c) ---f D,(b, c + a) for type 3 blocks. Then it is not difficult to verify 
that 01 is an L translation, and then that 17 is L transitive. 
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